The study is aimed at analytical determination of eigenfunctions of the nonlinear eigenvlaue problems following from the crack problems in power law materials under mode III loading and mixed mode (mode I and mode II) loading. The study is based on the perturbation theory technique (the small artificial parameter method) allowing us to find the analytical solution for the eigenfunctions in the closed form in the case of mode III crack problems and to derive the analytical approximations for mixed mode (Mode I and Mode II) crack problems. The method of analytical determination of eigenfunctions of the nonlinear eigenvalue problem is presented.
Introduction
Hutchinson [1, 2] and Rice and Rosengren [3] derived the classical Hutchinson-Rice-Rosengren (HRR) stress field in plane stress and plane strain for a crack in power-law hardening materials. They solved the governing nonlinear differential equations for the stress function (describing a nonlinear eigenvalue problem) by a numerical procedure. This solution exclusively describes the dominant singular crack-tip field. Up to now for plane stress and plane strain neither higher order eigensolutions are known nor an analytical solutions for the dominant field is available in the literature [4] . As it is noted in [4] the corresponding antiplane shear problem of a notch with traction free faces in an nonlinear hardening material first was analyzed by Neuber [5] and Rice [6, 7] by the use of the hodograph transformation. The brief review of classical results for antiplane deformation of cracked bodies can be found in [4] . Since then researchers have tried to derive the analytical solutions for the antiplane shear problem as well for mode I and mode II crack problems [4 -25] . Thus in [4] the higher order fields at a notch or a crack tip in the power-law hardening material under mode III loading (longitudinal shear) are studied. The authors derived a closed form solution for the eigenvalues, determining the asymptotic behavior of the fields analytically applying the perturbation technique. It is shown that the eigenvalues of the nonlinear eigenvalue problem solely depend on the eigenvalues of the corresponding linear problem and on the hardening exponent. It is noted that it is valid for all three combinations of homogeneous boundary conditions. A method is derived for constructing the higher order eigensolutions from dominant singular solutions.
The asymptotic stress and strain fields near the crack tip under antiplane shear in an elastic power-law hardening material are developed in [8] . Using an asymptotic expansion and separation of variables for the stress function, a series solution for all of the hardening exponents can be obtained. The stress exponents for the higher order terms are analytically determined; the angular distributions which are governed solely by plastic strains are also analytically obtained. Good agreement with the finite element solutions confirms the proposed approach. It is further demonstrated that the first three terms, controlled by two parameters, can be used to characterize the crack tip stress and strain fields with various hardening exponents. In [8] a series solution with assumed separation of variables form for the stress and strain fields near the crack tip in an elastic power-law hardening material under antiplane shear has been developed. The leading order term is analytically obtained by solving a nonlinear eigenvalue problem. The higher order fields are governed by either linear homogeneous eigenvalue equations or linear nonhomogeneous governing equations. The stress exponents of higher order fields for any hardening exponent are analytically determined. The governing equations for higher order terms which are controlled solely by the plastic strains can also be obtained analytically. However, the governing equations governed by elastic and plastic strains need to be solved numerically. With the analytically determined stress exponents, distinct regions resulting from different strain hardening exponents where the higher order terms up to the fourth order attributed to the plastic strains or elastic and plastic strains can be identified. It has been demonstrated that a truncated three term solution with two parameters accurately characterizes the crack tip stress and strain fields. The paper [9] considers the mechanical fields near the tip of a crack deformed by an anti-plane shear at infinity for a class of nonlinear elastic materials. For brittle materials rupture occurs when a maximal stretch is reached. Taking into account of this critical value, the crack is replaced by a totally damaged zone of finite thickness named a quasicrack. Inside this domain, the stress is identically zero and the shape of the boundary between damaged and undamaged body is found analytically. C. Stolz has determined [9] the shape of the damaged zone under anti-plane shear condition for hyperelastic brittle material. The analytical results are a generalization of preceding results obtained in [10] for brittle materials. The thickness of the damaged zone is determined by the critical strain energy at rupture and the loading. C. Stolz has extended [9] the theory for a more complex constitutive law and recovered results obtained many years ago. The case of power law and its extension on a class of non linear elastic law is discussed with and without brittle damage. With brittle damage one obtains for mode III loading, the geometry of the quasi-crack proposed by Neuber for hardening law has been found. This result is extended to some cases of softening especially for a generalization of the special material introduced in [11] . In [12] the stress and strain fields near the tip of a steady-state growing crack are examined for elastic-viscous materials. A solution to this problem has been originally In conjunction with the boundary conditions (5) the nonlinear ordinary differential equation (4) describes a nonlinear eigenvalue problem where the unknown eigenvalue s and the eigenfunction ( ) f  depend on the boundary conditions and the hardening exponent n . The unknown eigenvalue s and the eigenfunction ( ) f  should be found as a part of the solution. In [4] the subtle approach allowing us to find the closed form solution for the eigenvalue has been used. Thus, hereafter we will consider that all the eigenvalues are known.
Eigenvalues and eigenfunctions of the antiplane shear problem
An analytical expression for the eigenfunctions of the nonlinear equation (4) can be derived by applying the perturbation technique. For this purpose, the eigenvalue is represented in the form [4] ... ,
where 0 n and 0 ( ) f  are referred to the linear "undisturbed" problem. Introducing the asymptotic expansions (6) and collecting terms of equal power in  , the following set of linear differential equations is obtained
. The boundary conditions are the conventional traction free conditions on the crack surfaces:
It implies that all the functions ( ) k f  have to satisfy the same condition. It is known that when the boundary value problem for the homogeneous differential equation has a nontrivial solution, the corresponding boundary value problem for inhomogeneous differential equation has a solution if and only if the inhomogeneous part satisfies the solvability condition [20] . The solvability condition permits to find the coefficients k n in equations (6) . The coefficients k n have been found and the closed form solution was presented in [4] :
The asymptotic expansion for the hardening exponent when the HRR-type problem 0 ( 1 / 2) s  is considered takes the form
It allows us to find the whole spectrum of the eigenvalues
 Our aim is to study the possibility to derive the closed form solution for eigenfunctions. To obtain the closed form solution one can solve analytically the system of linear ordinary equations and two point boundary problems for these equations. Further one can analyze the structure of the solution and reveal the general features and inherent properties of the approximate solutions.
For this purpose one can analyze the structure of the solutions of each boundary value problem obtained. In the case of a linear material the eigenfunctions and eigenvalues can be easily determined:
The solution of equation (8) satisfying the traction free boundary conditions 1 ( ) 0 f      can be written as
The solution of equation (9) 
The solution of the two point boundary value problem for equation (10) n n n n n n n n n n n n f n n n n n n n (n -n )n
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The solution of the boundary value problem for the function 5 n n n n n n n n n f n n n n n n n n n n n n n n n n n n n (cos( / 2)) 2 n n n n n n n n n n n n n n n n n n n n n n n n n n n n sin n n n n n n 3  2  3  2  3  2  2  3  4  5  2  1 2  1 2  1 2  1 2  1  6  2  8  2   2  2  3  2  2  2  2  3  2  2  2  2  1 n n n n n n n n n n n n n n n n n n n n n n n n n cos ( / 2) 2 n n n n n n n n n n n n n n n n n n n n n n n n n n n n n n n (n -2n n + n )n n n n n n -2n n -n n n -n )n (n + n n n n n n n n n n n ) n + n )
The sequence of the solutions obtained has been analyzed carefully. The following perturbation series expansions based on the generalized multinomial theorem [36] 
where n  is the coefficient of the term .
n  The asymptotic expansion of   
The coefficient n  can be expressed as
The solutions (12) - (16) 
Mode I and mixed mode loadings of the cracked specimens
The objective of this part of the paper is to study the stress singularities at the vicinity of the mixed mode (Mode I and Mode II) crack under plane stress conditions by the approach described above. The governing equations for the power law constitutive relations are transformed to eigenvalue problems of ordinary differential equations (ODEs) based on the assumption that the stress fields are asymptotic near the mixed-mode crack tip. The asymptotic and numerical methods are further developed in the present work to analyze eigenvalue problems of ODEs. Consider a stationary crack in a power-law material under plane stress conditions. Applied loading is accounted as mixed-mode I/II loading. Polar coordinates are introduced and centered at the crack tip. With reference to the polar coordinates the equilibrium equations can be written as , ,
rr r r rr r r r r r
The compatibility condition has the following form
For a material subjected to a power law hardening the constitutive equations for plane stress conditions can be written as follows 
The mixity parameter 
where K is an indeterminate coefficient,  is indeterminate exponent and ( ) f  is an indeterminate function of the polar angle, respectively. In view of the asymptotic presentation (5) the asymptotic stress field at the crack tip is derived as follows
where 1   denotes the exponent representing the singularity of the stress field, and will be called the stress singularity exponent hereafter. According to (3) the asymptotic strain field as 0 r  takes the form  
, ( )
The compatibility condition (2) results in the nonlinear forth-order ordinary differential equation for the function ( ) 
.
for numerical determination of the eigenvalues of the nonlinear eigenvalue problem is proposed. Numerical approach allows us to find the eigenfunctions immediately and the results of calculations are shown in Fig. 1 . Using this technique the new eigenvalues resulting in the continuous radial stress components at 0   are found. It is shown that the method proposed gives the eigenvalues corresponding to the HRR problem in particular cases of mode I and mode II crack problems. The theoretical significance of the present paper is that from the method described here one can clearly know all the mathematically possible distributions of stress singularities at the crack tip under mixed-mode loading. It should be noted that it is important to develop asymptotic analysis methods and their applications for nonlinear eigenvalue problems in solid mechanics [27] [28] [29] [30] [31] [32] [33] [34] [35] [36] [37] and, in particular, in nonlinear fracture mechanics and continuum damage mechanics [37] for enunciating newer and better approaches for imparting knowledge on reliable determination of fatigue and fracture behavior. In nonlinear fracture mechanics the eigenfunction expansion method is one of the most commonly encountered approaches [25] [26] [27] [28] [29] [30] [31] [32] [33] [34] [35] [36] [37] . The method leads to nonlinear eigenvalue problems which stipulate the possible distributions of stress singularity at the crack tip and the determination of the whole eigenspectrum requires invoking developed asymptotic and computational techniques and their combinations. 
Conclusion
Using an asymptotic expansion and separation of variables for the stress function a series solution for all hardening exponents is obtained. In the present work the closed form solution for the eigenfunctions for the crack tip fields under antiplane shear is obtained. It is shown that the perturbation method allows us to derive the analytical solution for the eigenfunctions. The approach developed here and the closed-form solution obtained can be used for Mode I, Mode II and mixed mode crack problems for determining the eigenfunctions. It should be noted either that the class of nonlinear eigenvalue problems arising in nonlinear fracture mechanics is essential in connection with creating the multiscale models of fracture with multi-singularities with different orders at the crack point. The singularity representation scheme has to be considered where the local damage at the different scales will be modeled by different orders of the stress singularities. Different stress singularities can be related to different loading type and severity of material damage. In accordance to these models it is necessary to introduce the hierarchy of the zones in the vicinity of the crack tip with dominating role of different stress asymptotic behavior and to realize the matching procedures between different stress asymptotic solutions. The accurate construction of all the intermediate zones with one or other stress asymptotics requires the knowledge of the whole spectrum of eigenvalues and these problems are still open.
